Abstract This paper develops a method for solving the multiple attribute decision-making problems with the single-valued neutrosophic information or interval neutrosophic information. We first propose two discrimination functions referred to as score function and accuracy function for ranking the neutrosophic numbers. An optimization model to determine the attribute weights that are partly known is established based on the maximizing deviation method. For the special situations where the information about attribute weights is completely unknown, we propose another optimization model. A practical and useful formula which can be used to determine the attribute weights is obtained by solving a proposed nonlinear optimization problem. To aggregate the neutrosophic information corresponding to each alternative, we utilize the neutrosophic weighted averaging operators which are the single-valued neutrosophic weighted averaging operator and the interval neutrosophic weighted averaging operator. Thus, we can determine the order of alternatives and choose the most desirable one(s) based on the score function and accuracy function. Finally, some illustrative examples are presented to verify the proposed approach and to present its effectiveness and practicality.
Introduction
Zadeh [32] introduced the degree of membership/truth (t) in 1965 and proposed the concept of fuzzy set. Atanassov [1] introduced the degree of nonmembership/falsehood (f) in 1986 and defined the intuitionistic fuzzy set (to date, the intuitionistic fuzzy sets have been widely applied in solving MCDM problems [13, [21] [22] [23] ). Using the degree of indeterminacy/neutrality (i) as independent component in 1995, Smarandache initiated the neutrosophic set theory. He has coined the words ''neutrosophy'' and neutrosophic. In 2013, he redefined the neutrosophic set to n components: t 1 ; t 2 ; . . .; i 1 ; i 2 ; . . .; f 1 ; f 2 ; . . ..
But, a neutrosophic set will be difficult to apply in real scientific and engineering fields. Therefore, Wang et al. [19, 20] proposed the concepts of a single-valued neutrosophic set (SVNS) and an interval neutrosophic set (INS) which are an instance of a neutrosophic set, and provided set-theoretic operators and various properties of SVNSs and INSs. Recently, the theory of neutrosophic set has received more and more attentions [2-4, 6-8, 11, 12, 14, 15, 17, 26-31, 33, 34] . Zhang et al. [33] proposed some neutrosophic aggregation operators, such as the interval neutrosophic weighted averaging (INWA) operator and the interval neutrosophic weighted geometric (INWG) operator, and applied the operators to solve the multiple attribute group decision-making problems with interval neutrosophic information.
For the above researches on the multiple attribute decision-making (MADM) problems with interval neutrosophic information, we can suppose the attribute weights are fully known. However, in real decision making, because of time pressure, lack of knowledge or data and the expert's limited expertise about the problem domain, the information about attribute weights is incompletely known or completely unknown. So, the existing MADMs under neutrosophic environment will be impractical for such situations. Therefore, it is necessary to study this issue. In this paper, our aim is to solve the MADM problems in which the attribute values take the form of neutrosophic information and attribute weights are incompletely known or completely unknown based on the maximizing deviation method. In Sect. 2, we summarize the some basic concepts related to a neutrosophic set and its instances, single-valued neutrosophic set and interval neutrosophic set. A score function and an accuracy function are also proposed for ranking neutrosophic numbers in this section. Section 3 introduces the neutrosophic MADM (NMADM) method under neutrosophic environment, in which the information about attribute weights is partly known and the attribute values take the form of neutrosophic numbers. An optimization model based on the maximizing deviation method is established to determine the attribute weights. For the special situations where the information about attribute weights is completely unknown, we develop another optimization model which provides a simple and exact formula. To aggregate the neutrosophic information corresponding to each alternative, we utilize the neutrosophic weighted averaging (NWA) operators which are the single-valued neutrosophic weighted averaging (SVNWA) operator and the interval neutrosophic weighted averaging (INWA) operator. Thus, we can determine the order of alternatives and choose the most desirable one(s) based on the score function and accuracy function. In Sect. 4, some illustrative examples are presented to verify the developed approach and to demonstrate its practicality and effectiveness. Section 5 concludes the paper and presents some results.
Preliminaries
In the subsection, we give some concepts related to neutrosophic sets, single-valued neutrosophic sets and interval neutrosophic sets.
Neutrosophic set
Definition 1 (Smarandache [16] ) Let X be a universe of discourse, then a neutrosophic set is defined as: Wang et al. [20] defined the single-valued neutrosophic set which is an instance of neutrosophic set as follows:
2.2 Single-valued neutrosophic sets Definition 2 (Wang et al. [20] ) Let X be a universe of discourse, then a single-valued neutrosophic set is defined as:
where, u A :
ð Þ; p A x ð Þ and v A x ð Þ denote the truth-membership degree, the indeterminacy-membership degree and the falsity-membership degree of x to A, respectively.
We will denote the set of all the SVNSs in X by Q. A single-valued neutrosophic number (SVNN) is denoted bỹ a ¼ hu; p; vi for convenience.
We give a score function and an accuracy function for ranking SVNNs as follows; Definition 3 Letã ¼ hu; p; vi be a single-valued neutrosophic number. Then a score function S of the single-valued neutrosophic number can be defined by
where Sã ð Þ 2 À1; 1 ½ . The score function S is reduced the score function proposed by Li [5] if p ¼ 0 and u þ v 1.
Example 1 Letã 1 ¼ 0:5; 0:2; 0:6 ð Þ andã 2 ¼ 0:6; 0:4; ð 0:2Þ be two single-valued neutrosophic numbers for two alternatives. Then, by applying Definition 3, we can obtain
In this case, we can say that alternativeã 2 is better thanã 1 .
Definition 4 Letã ¼ hu; p; vi be a single-valued neutrosophic number, an accuracy function H of the single-valued neutrosophic number can be defined by
where Hã ð Þ 2 À1; 1 ½ . When the value of Hã ð Þ increases, we say that the degree of accuracy of the single-valued neutrosophic numberã increases. Based on the study given in Zhang et al. [33] , we define two weighted aggregation operators related to SVNSs as follows; Definition 6 Letã j ¼ hu j ; p j ; v j i j ¼ 1; 2; . . .; n ð Þ be a collection of single-valued neutrosophic numbers, and SVNWA : Q n ! Q, if
where x j is the weight ofã j j ¼ 1; 2; . . .; n ð Þ , x j 2 0; 1 ½ and P n j¼1 x j ¼ 1, then SVNWA is called single-valued neutrosophic weighted average operator; especially, when x j ¼ 1=n j ¼ 1; 2; . . .; n ð Þ , then the SVNWA is called an arithmetic average operator for SVNNs.
Similarly, we can define the single-valued neutrosophic weighted geometric average (SVNWG) operator.
Definition 7 Letã j ¼ hu j ; p j ; v j i j ¼ 1; 2; . . .; n ð Þ be a collection of single-valued neutrosophic numbers, and SVNWG : Q n ! Q, if
where x j . is the weight ofã j j ¼ 1; 2; . . .; n ð Þ , x j 2 0; 1 ½ and 
Wang et al. [19] extended the concept of single-valued neutrosophic set to interval neutrosophic set (INS) which is a further instance of the NSs. The fundamental characteristic of the INS is that the values of its truth-membership function, indeterminacy-membership function and falsity-membership function are intervals rather than exact numbers.
Interval neutrosophic sets
Definition 9 (Wang et al. [19] ) Let X be a universe of discourse and Int[0,1] be the set of all closed subsets of 0; 1 ½ . Then an interval neutrosophic set is defined as:
For
with the condition, 0 sup u
Here, we only consider the sub-unitary interval of 0; 1 ½ . Therefore, an interval neutrosophic set is clearly a neutrosophic set.
We will denote the set of all the INSs in X by
We give the score function and accuracy function of an INN as follows.
i be an interval neutrosophic number, a score function S of the single-valued neutrosophic number can be defined by
where SðbÞ 2 À1; 1 ½ . In this case, we can say that alternativeb 1 is better thañ b 2 .
i be an interval neutrosophic number, an accuracy function H of the single-valued neutrosophic number can be defined by
where Hb À Á 2 À1; 1 ½ . The larger the value of Hb À Á is, the more the degree of accuracy of the single-valued neutrosophic valueb is. The accuracy function H is reduced the accuracy function proposed by Nayagam et al. [10] 
With respect to the score function S and the accuracy function H, we define a method for comparing INNs as follows; Next, we give two weighted aggregation operators related to INSs.
. . .; n ð Þ be a collection of interval neutrosophic values, and INWA :
where x j is the weight ofb j j ¼ 1; 2; . . .; n ð Þ , x j 2 0; 1 ½ and P n j¼1 x j ¼ 1, then INWA is called interval neutrosophic weighted average operator; especially, when x j ¼ 1=n j ¼ 1; 2; . . .; n ð Þ , then the INWA is called an arithmetic average operator for INNs.
Þbe a collection of interval neutrosophic numbers, and
where x j is the weight ofb j j ¼ 1; 2; . . .; n ð Þ , x j 2 0; 1 ½ and P n j¼1 x j ¼ 1, then INWG is called interval neutrosophic weighted geometric average operator; especially, when x j ¼ 1=n j ¼ 1; 2; . . .; n ð Þ , then the INWG is called a geometric average operator for INNs.
The aggregation results of the INWA and INWG operators are still INSs.
Â Ã be two interval neutrosophic numbers. Then the normalized Hamming distance measure betweenb 1 andb 2 is defined as:
From the above analysis, we develop a method based on the maximizing deviation for the neutrosophic multiple attribute decision-making problems in which attribute values for alternatives are the single-valued neutrosophic value and the interval neutrosophic value.
Maximizing deviation method for neutrosophic information
Suppose that A ¼ A 1 ; A 2 ; . . .; A m f g is the set of alternatives and C ¼ C 1 ; C 2 ; . . .; C n f g is a set of criterions or attributes. The attribute weights are partly known or completely unknown. Let x ¼ x 1 ; x 2 ; . . .; x n ð Þ T be the weight vector of attributes, such that P n j¼1 x j ¼ 1,
Þand x j refers to the weight of attribute C j .
f gdenotes the set of decision makers (DMs), and k ¼ k 1 ; k 2 ; . . .; k t f gdenotes the weight vector of DMs, k t 2 0; 1
is the decision matrix provided by
ij is a neutrosophic value for alternative A i associated with the attribute 
; it is an interval neutrosophic decision matrix, where u
indicates the degree that the alternative A i satisfies the attribute C j and
indicates the degree that the alternative A i is indeterminacy on the attribute C j , whereas
indicates the degree that the attribute A i does not satisfy the attribute C j given by the decision maker d k Here, we have the condition
. . .; m and j ¼ 1; 2; . . .; n:
Obtaining an overall preference value by synthesizing the performance values of all alternatives of each expert is an important step in decision process.
In this paper, we will utilize the SVNWA and INWA operators as the main aggregation operators for two different methods, respectively. 
Definition 16 Suppose that
where x ¼ x 1 ; x 2 ; . . .; x n ð Þ T denotes the weight vector of attributes. 
where x ¼ x 1 ; x 2 ; . . .; x n ð Þ T be the weight vector of attributes.
Because many practical group decision-making problems are complex and uncertain, and human thinking is inherently subjective, the information about attribute weights is usually incomplete. Generally speaking, the incomplete attribute weight information can be expressed as the following relationships among the weights, for i 6 ¼ j : Form 1: A weak ranking: x i ! x j ; Form 2: A strict ranking:
Form 3: A ranking of differences:
A ranking with multiples:
Wang [18] developed the maximizing deviation method for handling the multiple attribute decision-making problems characterized by numerical information. In decision-making problem, it is essential to rank them by comparing alternatives. The larger the ranking valuer i (orz i ) is, the better corresponding alternative A i is. If an attribute is creating little differences on all alternatives, it implies that such an attribute has a small important in decision process. Contrary, if an attribute has very clear differences in terms of the performance values of each alternative, we say that such an attribute should be in the foreground in selecting the best alternative. That is, if one attribute has a similar effect among alternatives, it should be assigned with a small weight; otherwise, the attribute which makes larger deviations should be assigned a bigger weight; especially, if all alternatives have a very similar performance value in term of a given attribute, then such an attribute will not have much effect on ranking the alternatives. In other words, such an attribute should be assigned with a very small weight. Also, Wang [18] put forward that zero should be assigned with the corresponding to attribute.
To determine the differences among the performance values of all alternatives, we adopt the deviation method. For the DM d k and the attribute C j , the deviation of alternative A i to all the other alternatives can be expressed as follows:
Then H k ð Þ j x ð Þ gives the deviation value of all alternatives to other alternatives for the attribute A i and the DM d k .
Using the single-valued neutrosophic sets and the interval neutrosophic sets, we can select a weight vector x for maximize operator of all deviation values with respect to all the attributes and all the DMs.
Maximizing deviation method for single-valued neutrosophic sets
In the subsection, we construct a nonlinear programming model with single-valued neutrosophic information, as follows:
where k k is the weight of DM d k , and
By solving the model (M-1), we get the optimal solution x ¼ x 1 ; x 2 ; . . .; x n ð Þ T , which can be used as the weight vector of attributes.
If the attribute weights are completely unknown, we can establish another programming model:
To solve this model, we construct the Lagrange function:
where p is the Lagrange multiplier. Then we compute the partial derivatives of L as follows:
From Eq. (13), we get a simple and exact formula for determining the attribute weights as follows:
By 1; 2; . . .; n) be a unit, we have
Maximizing deviation method for interval neutrosophic sets
Similar to the previous method, we also construct a nonlinear programming model with interval neutrosophic information, as follows:
Solving the model (M-3), we get the optimal solution x ¼ x 1 ; x 2 ; . . .; x n ð Þ T , which can be used as the weight vector of attributes. If the attribute weights are completely unknown, we can establish another programming model:
where k k is the weight of DM d k and
where p is the Lagrange multiplier and
Then we compute the partial derivatives of L as follows:
From Eq. (17), we get a simple and exact formula for determining the attribute weights as follows:
By normalizing x Ã j (j ¼ 1; 2; . . .; n) be a unit, we have
where
Using by MATLAB software with optimization toolbox or Lindo/Lingo software package, the solution of aforementioned maximization problem could be easily solved by a few simple calculations.
With respect to the aforementioned models, we establish a practical and suitable method for solving the NMADM problems. In our methods, the attribute weights are partly known or completely unknown, and the attribute values are the single-valued neutrosophic information or interval neutrosophic information. The methods are described by the following steps:
Method (1): maximizing deviation method for singlevalued neutrosophic sets
Step 
Numerical examples
Example 5 Let us consider decision-making problem adapted from Xu and Xia [25] . An automotive company is desired to select the most appropriate supplier for one of the key elements in its manufacturing process. After pre-evaluation, five suppliers have remained as alternatives for further evaluation. In order to evaluate alternative suppliers, a committee composed of three decision makers has been formed. The committee selects four attributes to evaluate the alternatives: (1) product quality C 1 , (2) relationship closeness C 2 , (3) delivery performance C 3 and (4) Table 2 Decision matrices A ð2Þ given by DM-2 Then, we use the approach developed to obtain the most desirable alternative(s).
Case 1 Assume that the attribute weights are partly known and the weight information is given as follows:
Step 1 Obtain the decision matrix A (10), we obtain the overall singlevalued neutrosophic preference valuesr i of the alternatives A i i ¼ 1; 2; 3; 4 ð Þ , as shown in Table 5 . By using the SVNWA operator again (here, take k ¼ ð 
Step 1 See (Step 1).
Step 2 Utilize the Eq. (15) Table 6 . By using the SVNWA operator again (here, take k ¼ ð 4 1 A 1 1 A 3 , and thus, the most desirable alternative is A 2 Table 3 Decision matrices A ð3Þ given by DM-3 Table 4 Decision matrices A ð4Þ given by DM-4 
Let us consider decision-making problem adapted from Wei et al. [24] . Suppose an organization plans to implement ERP system. The first step is to form a project team that consists of CIO and two senior representatives from user departments. By collecting all possible information about ERP vendors and systems, project team chooses four potential ERP systems A i i ¼ 1; 2; 3; 4 ð Þas candidates. The company employs some external professional organizations (or experts) to aid this decision making. The project team selects four attributes to evaluate the alternatives: (1) function and technology C 1 , (2) strategic fitness C 2 , (3) vendor's ability C 3 and (4) vendor's reputation C 4 . Decision makers (without loss of generality), take weight vector k ¼ k 1 ; k 2 ; k 3 ð Þ¼ð Tables 7, 8 and 9 .
Then, we use the approach developed to obtain the most desirable alternative(s). Tables 7, 8 
and 9).
Step 2 Utilize the model (M-3) to establish the following nonlinear programming model: (11), we obtain the overall interval neutrosophic preference valuesz i of the alternatives A i i ¼ 1; 2; 3; 4 ð Þ , as shown in Table 10 . By using the INWA operator again (here, take Table 6 Matrix of the overall preference values with respect to completely unknown attributes weights Table 7 Decision matrices A ð1Þ given by DM-1 Step 1 See Step (1).
Step 2 Utilize the Eq. 11), we obtain the overall interval neutrosophic preference valuesz i of the alternatives A i i ¼ 1; 2; 3; 4 ð Þ(see Table 11 ). By using the INWA operator again (here, take k ¼ ð Table 9 Decision matrices A ð3Þ given by DM-3 From the examples, we can see that the proposed neutrosophic decision-making methods are more suitable for real scientific and engineering applications because they can handle not only incomplete information but also the indeterminate information and inconsistent information existing in real situations. Therefore, the technique proposed in this paper extends the existing decision-making methods and provides a new way for decision makers.
By a comparative study with existing methods, we can represent the useable and feasibility of the developed group decision-making method. Here, we discuss some methods used to determine the final ranking order of all the alternatives with the single-valued neutrosophic information, which are based on the cosine similarity measure and the correlation coefficient [26] , the weighted cross-entropy [28] , the aggregation operators [31] and the outranking approach [11, 34] . In these methods, the weights of decision makers and attribute weights are completely known and the decision process is carried out in the opinion of only a decision maker. In fact, in many MAGDM with neutrosophic information, because of time pressure, lack of knowledge or data and the decision makers' limited expertise about the problem domain, the information about the weights of decision makers and attributes are incompletely known or completely unknown. Our method has a group decision-making approach and utilizes the maximizing deviation method to determine the weight values that are incompletely known or completely unknown of decision makers and attributes, respectively, which is more flexible and reasonable, while the Ye [26, 28, 31] 's method, Peng et al. [11] and Zhang et al.'s [34] methods ask the decision makers to provide the weight values of decision makers and attributes in advance, which is subjective and sometime cannot yield the persuasive results.
With respect to above analyses, a single-valued neutrosophic set and an interval neutrosophic set is a special case of a neutrosophic set, and a neutrosophic set is a set where each element of the universe has the degrees of truth, indeterminacy and falsity, which lie within 0 À ; 1 þ ½, the non-standard unit interval. In particular, the uncertainty presented here, i.e., the indeterminacy factor, is independent of truth and falsity values, whereas the incorporated uncertainty is dependent on the degree of belongingness and non-belongingness of intuitionistic fuzzy sets. Therefore, this leads to the theory that intuitionistic fuzzy sets are a special case of single-valued neutrosophic sets. Moreover, SNSs can solve some problems that are beyond the scope of fuzzy sets and intuitionistic fuzzy sets. Therefore, the proposed MAGDM approach under single-valued neutrosophic environment can be used also to solve MADM problems with fuzzy information and intuitionistic information. Thus, the comparison shows that our method has its great superiority in handling the ambiguity and uncertainty inherent in MAGDM problems with neutrosophic information.
Conclusions
DMs have a major role to provide the information about alternatives in decision-making process. Because of time pressure, lack of knowledge or data and the expert's limited expertise about the problem domain, the information about attribute weights given by DMs is partly known or completely unknown. Recently, some authors proposed many of methods to overcome the limitations. In this paper, we first defined two discrimination functions such that score function and accuracy function used to rank the neutrosophic numbers. Considering by the idea that the attribute with a larger deviation value among alternatives should be assigned with a larger weight, we then established a method called the maximizing deviation method to compute the optimal weights of attributes under neutrosophic environment, in which the attribute values are characterized in terms of neutrosophic values. When aggregating the neutrosophic information corresponding to each alternative, we utilize the neutrosophic weighted averaging (NWA) operators, the single-valued neutrosophic weighted averaging (SVNWA) operator and the interval neutrosophic weighted averaging (INWA) operator. Thus, one can easily determines the order of alternatives and can chooses the most desirable one(s) based on the proposed score function and accuracy function. Finally, an application of developed approach is given to explain its effectiveness and practicality. Our method is straightforward and has no loss of information. In the future, we shall continue working in application of the neutrosophic multiple attribute decision making.
